To each endomorphism algebra A of a generator over a symmetric algebra, first a canonical comultiplication (possibly without a counit) is constructed and then a bar cocomplex. The algebras A are characterised by the existence of these data. The dominant dimension of A is shown to be determined by the exactness of the cocomplex at its beginning terms.
Introduction
The aim of this article is to exhibit a so far hidden structure on a class of finite dimensional associative algebras that are of interest both from an abstract and an applied point of view. We are going to derive the existence of a comultiplication from homological and ring theoretical properties of finite dimensional associative algebras, and we are going to use this comultiplication to define a bar cocomplex from which we can read off a crucial homological property, the dominant dimension, of the algebra we started with. The class of algebras covered by our results includes all symmetric algebras as well as many quasi-hereditary algebras occurring in algebraic Lie theory. We call these algebras gendo-symmetric and we show that they are characterised by admitting a comultiplication with the properties used for defining the bar cocomplex.
The term 'gendo-symmetric' is meant to indicate that one characterisation of these algebras is as endomorphism rings of generators (modules containing each indecomposable projective module at least once as a direct summand) over a symmetric algebra.
The main results of this article are briefly summarised as follows:
Main results. (a) (Theorem 2.4 and Proposition 2.8) Let A be a gendo-symmetric algebra. Then A has a coassociative comultiplication that is an A-bimodule morphism. In addition, there is a compatible counit if and only if A is symmetric.
(b) (Theorem 3.6) Let A be a gendo-symmetric algebra. Then there exists a bar cocomplex for A, using the comultiplication in (a). Conversely, let B be an algebra admitting a comultiplication such that a bar cocomplex can be defined as for gendo-symmetric algebras. Then B is gendo-symmetric.
(c) (Theorem 3.6 and Theorem 3.8) Let A be gendo-symmetric. Then exactness of the bar cocomplex in (b) and dominant dimension of A determine each other; the bar cocomplex is exact at places 0, . . . , n − 1 if and only if dom. dim(A) ≥ n. Let M be an A-module of dominant dimension at least 2. Then changing coefficients in the bar cocomplex produces a complex whose exactness corresponds in the same way with dom. dim(M ).
Gendo-symmetric algebras are defined by a special case of the Morita-Tachikawa correspondence, which shows that algebras of dominant dimension at least two are exactly the endomorphism rings of generator-cogenerators over an algebra (which in our case is assumed to be symmetric). A generator-cogenerator is a module that up to isomorphism contains each indecomposable projective or injective module at least once as a direct summand. An algebra A of dominant dimension at least two has a faithful projective-injective module, say Ae, and there is a double centraliser property on this bimodule Ae, that is, A ∼ = End eAe (Ae). Classical Schur-Weyl duality between Schur algebras and group algebras of symmetric groups as well as Soergel's structure theorem for the Bernstein-GelfandGelfand category O are examples of this situation [12] . Hence the class of gendo-symmetric algebras contains these and many other examples from algebraic Lie theory as well as symmetric algebras and Auslander algebras. Our construction of a comultiplication on a gendosymmetric algebra A uses the homological properties of A. Even for the examples from algebraic Lie theory there is no visible connection to the Hopf algebras on group algebras and universal enveloping algebras arising in this context. These Hopf algebra structures are, in fact, not known to induce comultiplications on Schur algebras or blocks of O. We will, however, show that the new comultiplication constructed here can be used to reprove, for instance, classical Schur-Weyl duality without reference to dominant dimension.
The characterisation of gendo-symmetric algebras in Theorem 3.6 should be compared with Abrams' result that Frobenius algebras are exactly the finite-dimensional algebras with a comultiplication and a compatible counit. This result in turn is the non-commutative extension of the 'equivalence' between two-dimensional topological quantum field theories and commutative Frobenius algebras. In contrast to the class of Frobenius algebras, the class of gendo-symmetric algebras includes many interesting non-semisimple algebras of finite global dimension.
The dominant dimension of a Schur algebra S(n, r) in the 'stable range' n ≥ r has been determined explicitly in [6] . There, we have shown that it controls exactly the quality of the Schur functor. That is, dominant dimension determines the degrees in which the Schur functor identifies Yoneda extension groups between Weyl filtered modules and their images under the Schur functor, which are dual Specht filtered. In more general contexts, dominant dimension also can be characterised by vanishing of extension groups. The bar cocomplex introduced here provides a new tool for determining the dominant dimension of an algebra or a module, which at the same time relates this dimension to other concepts of homological algebra, such as the bar complex. In [5] , the comultiplication on classical Schur algebras will be constructed explicitly and it will be related to a coefficient space called 'Doty coalgebra'. These results go beyond the 'stable range' discussed at the end of the present paper, and they also extend our knowledge on dominant dimension of Schur algebras.
This article is organised as follows: In the second section we first collect results on dominant dimension and recall results of [7] in order to define the class of gendo-symmetric algebras by four equivalent conditions. Then we construct a comultiplication on gendosymmetric algebras, directly from the defining double centraliser property, and we check the properties of this comultiplication. Moreover, we show that in addition there is a counit for this comultiplication if and only if the algebra is symmetric.
In the third section we define an analogue of the bar complex, using the new comultiplication instead of multiplication. Using this complex (called the bar cocomplex), we characterise gendo-symmetric algebras by the existence of a comultiplication with natural properties. At the same time we show that the bar cocomplex of a gendo-symmetric algebra determines precisely the dominant dimension of the algebra. At the end of this section, we discuss the example of a classical Schur algebra in the 'stable range' and explain how this instance of Schur-Weyl duality can be reproven using our new tools. A more general discussion of this situation, covering also the more difficult case of the classical Schur algebra beyond the 'stable range', can be found in the parallel article [5] .
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Gendo-symmetric algebras and a new comultiplication
After first collecting some information on dominant dimension, we will define the main objects of this article, gendo-symmetric algebras. Then we construct a comultiplication on these algebras and check its properties.
Throughout, all algebras and modules are finite dimensional over a field k unless stated otherwise. By A-mod and A-bimod, we denote the categories of left modules and bimodules respectively over an algebra A, and by D the usual k-duality functor Hom k (−, k).
Dominant dimension
Let A be an algebra. The dominant dimension of a left A-module M , which we denote by dom. dim M , is the maximal number t (or ∞) having the following property: let 0 → M → I 0 → I 1 → · · · → I t → · · · be a minimal injective resolution of M , then I j is projective for all j < t (or ∞). The dominant dimension of a right A-module is defined similarly. It is clear that dom. dim A A = dom. dim A A for which we write dom. dim A.
If dom. dim A ≥ 1, then there exists a unique (up to isomorphism) minimal faithful right A-module. It must be projective and injective, therefore of the form eA for some idempotent e in A. Note eA is a generator-cogenerator as a left eAe-module. If further dom. dim A ≥ 2, then eA is a faithfully balanced bimodule. That is, there is a double centraliser property, namely A ∼ = End eAe (eA) canonically. The dominant dimension of A as an A-bimodule is called the Nakayama dimension of A/k by Müller in [14] where he proved that it is invariant under Morita equivalences and under arbitrary field extensions, and that it equals the dominant dimension of A. Lemma 2.2 Let A be an algebra and e an idempotent in A such that Ae is faithful. Then an element z ∈ A belongs to Z(A), the center of A if and only if zae = aeze for any a ∈ A. In particular the morphism φ : Z(A) → Z(eAe) sending z to eze is injective. Moreover, if End eAe (Ae) ∼ = A then φ is an isomorphism.
Proof. Assume zae = aeze for all a ∈ A. Since Ae is faithful, there exists an embedding of left A-modules ϕ : A → (Ae) ⊕m for some m. Let ϕ(1) = (a 1 e, . . . , a m e) where a i ∈ A. Then for any x ∈ A, ϕ(xz) = (xza 1 e, . . . , xza m e) = (xa 1 eze, . . . , xa m eze) = (zxa 1 e, . . . , zxa m e) = ϕ(zx).
Consequently xz = zx for any x ∈ A, i.e., z ∈ Z(A). The other direction is trivial.
To see φ is injective, observe that ez = 0 for z ∈ Z(A) implies ϕ(z) = 0 hence z = 0. If further End eAe (Ae) ∼ = A, then any u ∈ Z(eAe) regarded as an eAe-endomorphism of Ae by right multiplication defines a unique element w in A such that wae = aeu for any a ∈ A. Clearly u = ewe = φ(w) and ϕ(xw) = (xwa 1 e, . . . , xwa n e) = (xa 1 eu, . . . , xa n eu) = (wxa 1 e, . . . , wxa n e) = ϕ(wx) for any x ∈ A. As ϕ is injective, this implies w ∈ Z(A).
A comultiplication for gendo-symmetric algebras
Now we are going to introduce the class of algebras studied in this article. The following definition is based on [7, Theorem 3.2] , which provides the equivalence of the four conditions. Definition 2.3 A finite dimensional k-algebra A is called gendo-symmetric if it satisfies one of the following equivalent conditions:
(a) dom. dim A ≥ 2 and D(Ae) ∼ = eA as (eAe, A)-bimodules, where Ae is a basic faithful projective injective A-module,
A is the endomorphism algebra of a generator over a symmetric algebra.
Construction of the comultiplication.
Let A be gendo-symmetric. The definition contains several isomorphisms, which will be used as ingredients for a multiplication on D(A). Dualising then yields a comultiplication on A. We recall now the isomorphisms from the proof of [7, Theorem 3.2] .
First we observe that the bimodule isomorphisms in (b), (c) are unique up to multiples of invertible central elements in A, and by Lemma 2.2 so is the isomorphism in (a). Fix an (eAe, A)-bimodule isomorphism ι : eA ∼ = D(Ae). By the double centraliser property End eAe (eA) ∼ = A (Section 2.1), there is an A-bimodule isomorphism γ : Ae ⊗ eAe eA ∼ = D(A) such that γ(ae ⊗ eb)(x) = ι(ebx)(ae) for a, b, x ∈ A. Hence there is an isomorphism in (c)
where the first isomorphism is γ −1 ⊗ A γ −1 .
Let m be the composition of the canonical
with the isomorphism in (c) above:
Below, we will check that m defines an associative multiplication on D(A), possibly without a unit. Dualising m yields
We also will use the isomorphism in (b)
be the inverse image of 1 ∈ A under this isomorphism in (b). Then (Θ • γ)(ae ⊗ eb) = aeb for a, b ∈ A, in particular Θ is an A-bimodule morphism with eΘ = ι −1 . Moreover, we will check below that Θ : D(A) → A preserves multiplications.
Theorem 2.4 . Let A be gendo-symmetric. Then
The proof of the Theorem will consist of the two Lemmas below. Prior to that we remark that the above construction of m and of ∆ can be carried out in a more general situation, which requires more technical assumptions; we refrain from providing details and stick to the well-defined class of gendo-symmetric algebras.
We keep the notations introduced above.
Lemma 2.5
The map m satisfies
Proof. For any a, b, c, d, x, y ∈ A, the definitions of m and Θ imply equalities
and (Θ • m)(γ(ae ⊗ eb) ⊗ γ(ce ⊗ ed)) = Θ(γ(aebce ⊗ ed)) = aebced = (aeb)(ced). As γ is an isomorphism, the results follow.
On the other hand, m being surjective implies that ∆ is injective. It now follows from Im(∆) ⊆ Σ that Im(∆) = Σ.
and a ∈ A. If∆ satisfies (1), (2) and (3) Corollary 2.7 The comultiplication ∆ is unique up to precomposing it with multiplication by an invertible central element.
Thus we call ∆ the canonical comultiplication attached to the gendo-symmetric algebra A.
For any left
where the second isomorphism is Hom A (γ, M ). Clearly η M is a left A-module morphism. Proposition 2.8 Let A be a gendo-symmetric k-algebra with the canonical comultiplication
(1) (A, ∆) has a counit if and only if A is symmetric.
(3) ∆ = η A and for any left A-module M , there are identities
So δ is a unit of (D(A), m). Let u be the image of δ under Θ : D(A) → A. Then, Θm(δ ⊗ γ(ae ⊗ eb)) = Θ(γ(ae ⊗ eb)) implies uaeb = aeb for any a, b ∈ A by Lemma 2.5. Hence u = 1 since AeA is a faithful left A-module. As a result, Θ is surjective as an A-bimodule morphism and thus an isomorphism by comparing dimensions. So A is symmetric.
Conversely, if A is symmetric, then there is an A-bimodule isomorphism β : (D(A), m) , hence a counit of (A, ∆).
(2) Under the identification γ : Ae ⊗ eAe eA ∼ = D(A) so that γ(ae ⊗ eb)(x) = ι(ebx)(ae) for a, b, x ∈ A, we have by definition of ∆ :
Since Ae is faithful as a left A-module, it follows that aeb = γ(ae ⊗ eb)(y i ) · x i . On the other hand, γ(ce ⊗ ed)(aeb) = ι(edaeb)(ce) = ι(eb)(cedae) and 
Remark 2.9 Gendo-symmetric algebras extend the subclass A of quasi-hereditary algebras introduced in [6] . These include the algebras on both sides of classical Schur-Weyl duality and of Soergel's structure theorem for the BGG-category O.
In [9] , Kerner and Yamagata investigated two variations of gendo-symmetric algebras. One, called Morita algebras, is defined by replacing symmetric algebras with self-injective algebras in Definition 2.3(d). The other one is defined by relaxing the condition on the bimodule isomorphisms in Definition 2.3(c) to be just one-sided module isomorphisms. It has been pointed out in [9] that the latter variation is not closed under Morita equivalences.
With respect to Morita equivalences, gendo-symmetric algebras are well-behaved. Unlike Hopf algebras, but like symmetric algebras their defining properties, and thus also the existence of a comultiplication are preserved under Morita equivalences. Proposition 2.10 Let A be a gendo-symmetric k-algebra.
in B-bimod. By Definition 2.3(c) B is gendo-symmetric.
In addition to the general characterisation of dominant dimension due to Müller [14] , see also [4, 6] , there is the following one for gendo-symmetric algebras [7] . 
Bar cocomplex, characterising gendo-symmetric algebras and determining their dominant dimension
In the first two subsections, an analogue of the bar complex is defined that uses the comultiplication of gendo-symmetric algebras. This complex then is used to formulate and prove the main results of this article, characterising the class of gendo-symmetric algebras and determining their dominant dimension.
Bar complex
Let Λ be an arbitrary associative k-algebra (not necessarily unital or finite dimensional) and m : Λ ⊗ k Λ → Λ be the multiplication map. Consider the bar complex:
where the boundary map ∂ n : Λ ⊗n+2 → Λ ⊗n+1 is defined by
If Λ is unital, the bar complex B • Λ is known as the bar resolution which is exact with the homotopy map s n : Λ ⊗n → Λ ⊗n+1 given by s n (a 0 ⊗· · ·⊗a n−1 ) = 1⊗a 0 ⊗· · ·⊗a n−1 . However, if Λ is not unital, the complex B • Λ will be far from being exact. In such case, let R = k ⊕ Λ be the unital algebra with multiplication given by (x + a) · (y + b) = xy + ya + xb + m(a, b) for x, y ∈ k and a, b ∈ Λ. Since R is an augmented k-algebra with Λ being the augmented ideal, we can consider the normalised bar resolution of R:
where the boundary maps are given by the same recipe as above. Using these notations we get:
Proof. B Consider the following diagram in A-mod which is obviously commutative
where the morphism π exists by exactness of the first row which follows from Lemma 3.1 and m being an isomorphism. Note that π is clearly surjective and
, as an injective left A-module, is a quotient of a direct sum of copies of the projective injective module Ae since dom. dim A ≥ 1. It follows that ker( m) is a quotient of (Ae) ⊕n for some n, hence e · ker( m) = 0 implies ker( m) = 0, i.e., m is isomorphic.
The bar cocomplex
Let A be a gendo-symmetric algebra. Using the notations of Section 2.2 and Lemma 2. Therefore, we can simplify notation by identifying Res(M ) with M for any left A-module whenever it is clear from the context which module structure is taken.
A-mod
Hom A (X,−) y y t t t t t t t t t
Vect k
Note that Hom R (A, D(R)) ∼ = D(A), i.e., Hom R (A, −) sends injective R-modules to injective A-modules. We obtain a first quadrant Grothendieck spectral sequence
for any X ∈ A-mod and V ∈ R-mod. Standard results on spectral sequences imply:
for any X ∈ A-mod and 0 ≤ i ≤ n. Moreover, there is a five term exact sequence
(1) The Jacobson radical of R is spanned by {γ(a i e ⊗ eb i ) | a i or b i ∈ rad(A)}. Proof. It is clear that J, the span of {γ(a i e ⊗ eb i ) | a i or b i ∈ rad(A)} is a nilpotent ideal of R and R = R/J ∼ = k ⊕ Ae ⊗ eAe eA where A = A/rad(A). To proceed, let {e 1 , . . . , e n } be a complete set of pairwise orthogonal primitive idempotents in A so that e = e 1 + · · · + e r . Let D i be the division algebra e i Ae i for each i. Then by Wedderburn-Artin Theorem [3] ,
Note that Ae is basic as a left A-module by Section 2.2, i.e., e 1 , . . . , e r are pairwise non-conjugate. If e i Ae = 0, then dim D i e i Ae = 1 and dim D i eAe i = 1.
Let X = {1 ≤ i ≤ n | e i Ae = 0} and choose for each i ∈ X the elements E i ∈ e i Ae and F i ∈ eAe i such that F i E i = e j in eAe where e j is uniquely determined by ee j = 0 and e i Ae j = 0. Then E i F i = e i in e i Ae i and ǫ i = E i ⊗ F i satisfies ǫ 2 i = ǫ i , ǫ i ǫ l = 0 for i = l and ( ǫ i )w = w = w( ǫ i ) for all w ∈ Ae ⊗ eAe eA. Moreover, the left R-module
i.e., R is semisimple. Equivalently J equals the Jacobson radical of R and all non-isomorphic simple left R-modules are k (trivial module when ǫ i = 1) and
When A is not symmetric, Res(L) is a direct sum of copies of trivial R-modules for any simple left A-module L with eL = 0. This proves (1), (3) and (4). Lemma 3.5 Let n ≥ 2 be an integer. 
To prove (3), let 0 → X → M → Y → 0 be any short exact sequence in A-mod with ξ M being an isomorphism. Applying the left exact functor Hom R (A, Res(−)) yields the following commutative diagram
Since ξ X , ξ Y are injective and ξ M is an isomorphism, it follows that ξ X must be an isomorphism.
(2) is a special case of (4), which we are going to prove now. Let 0 
In particular ξ M is an isomorphism since n ≥ 2 and Ext
Example. Let A be the k-algebra given by quiver and relations: 1
It is well-known that A is Morita equivalent to the Schur algebra S k (2, 2) if k is an infinite field of characteristic 2, see [8] . A has a k-basis {e 1 , e 2 , α, β, αβ} so D(A) has the dual basis To each gendo-symmetric algebra A, we attach a bar cocomplex as follows.
where ∆ is a canonical comultiplication of A and the differential δ r : A ⊗r+1 → A ⊗r+2 is given by the following rule: for any a 0 , . . . , a r ∈ A
More generally, for each left A-module M , there is a bar cocomplex
for a 0 , . . . , a n−1 ∈ A and m ∈ M .
The characterisations of gendo-symmetric algebras and their dominant dimension
The main result of this article is the following characterisation of the dominant dimension of a gendo-symmetric algebra in terms of exactness of the bar cocomplex. At the same time, the class of gendo-symmetric algebras is given another homological characterisation, in terms of the bar cocomplex.
Theorem 3.6 Let A be a finite dimensional k-algebra and n ≥ 2 an integer. Then A is a gendo-symmetric algebra with dom. dim A ≥ n if and only if there is an A-bimodule morphism ∆ :
where the differential δ r : A ⊗r+1 → A ⊗r+2 is given by: for any a 0 , . . . , a r ∈ A δ r (a 0 ⊗ · · · ⊗ a r ) =
Proof. If A is gendo-symmetric, then the canonical comultiplication ∆ from Section 2.2 satisfies (1), (2) and (3) 
Then the following diagram commutes
A ⊗r
Indeed, for any a 1 , . . . , a r ∈ A and f 0 , . . . , f r ∈ D(A), there are equalities
By the identity (−1)
, the last term equals In particular (D(A), m) is an associative k-algebra, and the chain map {π i } above induces an isomorphism from the bar complex of (D(A), m) to the dual of
where R is the augmented k-algebra associated to (D(A), m). Applying Proposition 3.2 shows that A is gendo-symmetric with ∆ a canonical comultiplication. Let κ = dom. dim A. Then by Lemma 3.5 and Proposition 3.3,
for 0 ≤ i ≤ κ − 1. Applying Proposition 2.11, we have Ext
Remark 3.7 This characterisation of gendo-symmetric algebras may be compared with a result by Abrams, who proved that a finite dimensional algebra has a coassociative comultiplication and a counit if and only if it is a Frobenius algebra. This result includes the equivalence between two-dimensional toplogical quantum field theories and commutative Frobenius algebras, rigorously proved also by Abrams. See [1, 2, 11] for precise formulations and details.
The bar cocomplex C • A attached to the gendo-symmetric algebra A has the following universal property with respect to change of coefficients. In particular, there is a combinatorial characterisation of dominant dimensions of left A-modules. The Schur algebra S k (n, r) is then defined to be the k-dual of A k (n, r). Let M n (k) be the monoid of n × n matrices over k. Recall the left and right actions of M n (k) on A k (n, r) g · c i,j = k∈I(n,r) c i,k · g k 1 ,j 1 · · · g kr,jr c i,j · g = k∈I(n,r) g i 1 ,k 1 · · · g ir,kr · c k,j for g = (g i,j ) ∈ M n (k) and i, j ∈ I(n, r). Both actions factor through the natural actions of S k (n, r) on A k (n, r), see for example [8] for a detailed account. Consider the following k-linear map introduced in [5] µ : A k (n, r) ⊗ k A k (n, r) → A k (n, r) where Σ r is the symmetric group on r-letters, i ·σ is defined to be (i σ(1) , . . . , i σ(r) ) for any i ∈ I(n, r) and σ ∈ Σ r , and Stab(i) = {σ ∈ Σ r | i σ = i}. It is a routine check that µ is well-defined and satisfies (m1), (m3) and (m4) in Section 3.1, see also [5] . If n ≥ r, then w = (1, . . . , r) belongs to I(n, r) and µ(c w,j ⊗ c i,w ) = c i,j , so µ also satisfies (m2). We claim that in W = A k (n, r) ⊗ S k (n,r) A k (n, r)
(1) c i,j ⊗ c k,l = 0 unless l = i σ for some σ ∈ Σ r .
(2) If n ≥ r, then W is spanned by {c w,j ⊗ c i,w | i, j ∈ I(n, r)}.
Condition (1) is easy to check, see also [5] . To prove (2) , it suffices to write c k,j ⊗ c i,k ∈ W for any i, j, k ∈ I(n, r) into a linear combination of the given elements. Choose g = (g i,j ) in As k is an infinite field, we have c k,j ⊗ c i,k = σ∈Stab(k) c w,j ⊗ c i σ,w in W . For each σ ∈ Σ r , we choose g to be a permutation matrix so that c wσ,w (g) = 1. Then by similar arguments as above, c w,j σ ⊗ c i σ,w = c w,j ⊗ c i,w in W for any i, j ∈ I(n, r). As a result, when n ≥ r dim k A k (n, r) ⊗ S k (n,r) A k (n, r) ≤ n 2 + r − 1 r = dim k A k (n, r).
In particular µ induces A k (n, r) ⊗ S k (n,r) A k (n, r) ∼ = A k (n, r) as S k (n, r)-bimodules, which by Definition 2.3(3) implies S k (n, r) is gendo-symmetric. Hence any faithful projective and injective left S k (n, r)-module satisfies the double centraliser property and the dominant dimension of S k (n, r) equals max{d | H i (C • S k (n,r) ) = 0 | 0 ≤ i ≤ d} + 1. We remark that in the case n ≥ r ≥ p = char(k) > 0, we have found a closed formula dom. dim S k (n, r) = 2(p − 1) [6] . The case n < r is much more subtle since the Schur algebra may have dominant dimension zero. See [5] for some further investigation and more results under the mild condition r ≤ n(p − 1).
